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2. Areas and Distances

We are trying to find the area of the region S that lies under the curve y = f(x) from a to
b.

xba

S

x = a

x = b

We use the basic tools to do that. For example the area of a rectangle
?
is the product of

length and the width. The area of a triangle
?

is half the base times the height. we start
with an example to explain the method.
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Example 1. Use rectangles to estimate the area under the parabola y = x2? from 0 to 1

Solution: we start by dividing the interval [0, 1] into subinterval. Divide [0, 1] into [0,
1

4
], [

1

4
,
1

2
],

[
1

2
,
3

4
], [

3

4
, 1]. We get the following.

?
We can approximate the area using two ways make the

rectangle with height is the right endpoint
?

of the subinterval and width is the length of the
subinterval then add the area of all rectangles. So we have

A ≈ R4 =

(
1

4

)2

.
1

4
+

(
1

2

)2

.
1

4
+

(
3

4

)2

.
1

4
+ (1)2 .

1

4
= 0.46875.

The other is to use the left endpoint ? as the height of the rectangle and the length of the interval
is the width and then add the of all rectangles.So we get

A ≈ L4 = (0)2 .
1

4
+

(
1

4

)2

.
1

4
+

(
1

2

)2

.
1

4
+

(
3

4

)2

.
1

4
= 0.21875. Clearly L4 < A < R4. Repeating

this procedure with large number of subinterval. The table show the number of subintervals, left
endpoint, right endpoint.

n Ln Rn

10 0.285
?

0.385
?

20 0.30875
?

0.35875
?

30 0.3168519
?

0.3501852
?

50 0.3234
?

0.3434
?

100 0.32835 0.33835

1000 0.3328335 0.3338335

�
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Example 2. Show that the area under the parabola y = x2? from 0 to 1 is
1

3
.

Solution: Let n be the number of subintervals we divide the interval [0, 1] into. The subintervals

are [0,
1

n
], [

1

n
,
2

n
], [

2

n
,
3

n
],. . . ,[

n− 2

n
,
n− 1

n
], [

n− 1

n
, 1 =

n

n
]. If we use the right endpoints we have

the length is
1

n
and the height is

(
k

n

)2

k = 1, 2, . . . , n.

Rn =
1

n

(
1

n

)2

+
1

n

(
2

n

)2

+
1

n

(
3

n

)2

+ . . .+
1

n

(
n− 1

n

)2

+
1

n

(n
n

)2

=
1

n

1

n2
+

1

n

22

n2
+

1

n

32

n2
+ . . .+

1

n

(n− 1)2

n2
+

1

n

n2

n2

=
1

n3
[12 + 22 + . . .+ (n− 1)2 + n2]

=
1

n3

n(n+ 1)(2n+ 1)

6

=
1

6

n

n

n+ 1

n

2n+ 1

n
=

1

6

(
1 +

1

n

)(
2 +

1

n

)

lim
n→∞

Rn = lim
n→∞

1

6

(
1 +

1

n

)(
2 +

1

n

)

=
1

6
(1)(2) =

2

6
=

1

3

�
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We use the same technique to do a general problem. To find the area under the curve
y = f(x)

?
bounded by x = 0, x = a, and x = b. We divide the interval [a, b] into n subinter-

val with length�x =
b − a

n
and the subintervals are [x0, x1], [x1, x2], . . . , [xk−1, xk],. . . ,[xn−1, xn]

where x0 = a, x1 = a+�x, x2 = a+2�x, . . . , xk = a+ k�x,. . . , xn = a+n�x = b. Now,

Rn
? Rn = f(x1)�x+ f(x2)�x+ . . .+ f(xn)�x =

n∑

k=1

f(xk)�x.

Hence A = lim
n→∞Rn = lim

n→∞

n∑

k=1

f(xk)�x. In similar fashion we can use the left endpoint

and get Ln
? Ln = f(x0)�x+ f(x1)�x+ . . .+ f(xn−1)�x =

n∑

k=1

f(xk)�x.

Hence A = lim
n→∞Ln = lim

n→∞

n−1∑

k=0

f(xk)�x. In fact, instead of using left or right endpoints we

can take the height of the rectangle to be value of f at any number x∗
i in the ith subinterval

[xi−1, xi]. We call the numbers x∗
1, x

∗
2, . . . , x

∗
n the sample points. The area

?
under the curve

y = f(x) from x = a and x = b is given by A = lim
n→∞

n∑

i=1

f(x∗
i )�x.
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